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By solving the compositeness condition, under which the Yukawa-type model coincides the NJL type 
model, we obtain the expressions for the effective coupling constants in terms of the compositeness scale 
at the next-to-leading order in 1/A. In the NJL model with a scalar composite, the next to leading 
contributions are too large for Nc = 3. In the induced gauge theory with abelian gauge symmetry, 
the correction term is reasonably suppressed, while in the non-abelian gauge theory the corrections are 
suppressed only when it is asymptotically non-free. 


1. Introduction 

This talk is based on the recent works done in collaboration with Takashi Hattori from Kanagawa Dental College. 
The origin of the generations is one of the most challenging problem in physics today and future. Among various 
ideas, compositeness may be a natural strong candidate for the solution of the problem. Repeated appearance of the 
color triplets in the quark lepton spectrum seems to suggest existence of the common subconstituent Ci{i = 1,2,3) 
which carries color Q , and repeated appearance of the weak doublets suggests existence of the common subconstituent 
Wi{i = 1,2) which carries weak isospin |^. Then the quarks q and leptons I are composed of them as 

q ~ whc, I ~ wh', (1) 

where h and h' are subconstituents or sets of subconstituents (including empty sets) depending on details of models. 
The weak boson RA and the Higgs scalar </) can also be composites like 

^ or qi^r^'jfj.qi, (j) ^ w-rw-l or q^q-R (2) 

About twenty years ago, we considered a composite model of the Nambu-Jona-Lasinio type |^, where the gauge 
bosons and the Higgs scalar amear as composites of the quarks and leptons, or subquarks |g,|j. In this type of model, 
the compositeness condition plays an important role. This is the condition that 

^3 = 0 (3) 

where is the wave-function renormalization constant of a boson in a Yukawa-type model. Under this condition, 
the Yukawa type model with the elementary boson becomes equivalent to the Nambu-Jona-Lasinio type model 
and the elementary boson becomes a composite. The compositeness condition imposes relations among the coupling 
constants, masses and the compositeness scale. When it is applied to the standard model where gauge bosons and 
Higgs scalar are taken as composites of the quarks and leptons, the relations indicate that at least one of the quarks 
should have a mass of the order of the weak interaction scale ||]. It looked puzzling because the known quarks at 
that time were much lighter than the weak scale. Today, however, we know that the top quark has the mass of 
the order of the weak scale [Q, and the relation derived from the compositeness condition becomes rather natural. 
This fact called the revived attentions to the NJL-type model of the spontaneously broken electroweak symmetry [|j. 
Numerically, however, it does not precisely hold. We need to consider how to make it more precise beyond the leading 
approximation in 1/A [^. 

2. Nambu-Jona-Lasinio Model 

2.1 Compositeness Condition 

We consider the NJL model for the fermion ijj = {i/i, • • •, V'Jv} with N colors given by the Lagrangian 
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-Cnjl = 'i/'*^^ + /IV'lV’rP (4) 

with ?7(1) X U{\) chiral symmetry. In 3+1 dimensions, it is not renormalizable, and we assume a very large but finite 
momentum cutoff. This Lagrangian /Injl is known to be equivalent to the linearized Lagrangian |1C| ] 

-Cnjl = +{'0l</'V'r+ h-c.) - (5) 

which is written in terms of the auxiliary field (j). Now compare it with this Lagrangian of the renormalized Yukawa 
model, 


-^Yukawa — + ■^3f/r('0rL^i''0rR + h.C.) 

+Z^\d^cl)r\^ - - ZxK\cl),\^ ( 6 ) 

where the quantities indicated by suffices r are renormalized ones, and Z^s are the renormalization constants. We can 
see that if 


Z<j, = Z\ = 0, 


(7) 


the Lagrangians /I^jl Tlyukawa coincide, where we identify ip, 4> and / with 


1p = 



^g9r 


( 8 ) 


in the Yukawa model. This condition (j^) is called the compositeness condition . Thus this Lagrangian for NJL model 
is the special case of the renormalized Yukawa model specified by the compositeness condition. The compositeness 
condition gives rise to relations among coupling constants gr, Ar, and the cut off A. If the chiral symmetry is 
spontaneously broken, they imply relations among the fermion mass mf, the Higgs-scalar mass M^, and the cutoff 
A. Thus we can analyze everything in the NJL model by investigating the well-understood Yukawa model, and by 
imposing the compositeness condition on the coupling constants and masses. Then what is urgent is to work out the 
compositeness condition, and solve it for the coupling constants. 

2.2 Lowest order 

For an illustration, we begin with the lowest-order contributions in 1/N expansion. In the Yukawa model, the boson 
self-energy part and the four-boson vertex part are given by the diagrams 



g'^NIp'^, 


= - l)p2, 

gfNi, 

•• •• 

•• 1 •• 

-4^ 

= {Zx - l)Ar, 


(9) 


where - and.are the fermion and boson propagator, respectively, and I is the divergent integral 

- - (dimensional regularization) 

loTT"' e 

- - log A^ (Pauli Villars regularization) 

lOTT^ 

The renormalization constants Z,p and Z\ should be chosen as 




( 10 ) 


Z^ = \- g^NI, ZxX, = K- gpNI (11) 

so as to cancel out all the divergences in (||). Then the compositeness condition is obtained by putting Zff, and Zx 
vanishing, 

0 = 1- gfNI, 0 = Ar - gfNI, (12) 

and it is easily solved to give the expressions for the coupling constants . 

2-^ X -J_ 

NT " NT 
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(13) 









If the chiral symmetry is spontaneously broken the masses of the physical fermion and physical Higgs scalar are given 
in terms of cutoff: 


TO/ = 5r((/>) = {(j))/'/NI, Mh = 2VXr{(l>) = 2{(t))ly/NI 


(14) 


The Higgs mass is twice the fermion mass. 


2m f = Mh 


(15) 


These reproduce the well known results of the lowest order Nambu-Jona-Lasinio model |^. 

2.3 Next-to-leading order 

Now we turn to the next-to-leading order in 1 /N fl^ . In the Yukawa model, the boson self-energy part is given by 
the diagram 



where ooooo = . -p 


-P the counter terms for all the sub-diagram divergences, (16) 

—O'" + —0"0"' -P • • •■ The renormalization constant is calculated to be 

Z^ = l- g^NI - g^I - ^(1 - grNI) log(l - g^NI) (17) 


so as to cancel out all the divergences in (p^). The logarithm arises from the infinite sum over the fermion loop 
insertions into the internal boson lines. The four boson vertex part is given by the diagrams 




qOq 


OqO 




oOq 


OqO 



D a 


(18) 


counter terms for the sub-diagram divergences. The renormalization constant Z\ is calculated to be 

20(A, - 5^)2/ 


Z\\r — Ar — g^NI -p 8g^I -I- 


1 


1 - g?Ni 


-- [ 2 g 2 (i _ gfNI) + 20(A, - 5 ?)] log(l - g^NI) 


(19) 


so as to cancel out all the divergences in (|T^). The compositeness condition is given by putting these expressions 
vanishing. Though it looks somewhat complex at first sight, it can be solved by iteration to give the very simple 
solution: 


gr = 


1 

m 




A, = 


1 

m 




( 20 ) 


The next-to-leading correction to the ratio of Mh and to/, which was 2 in the lowest order, is calculated to be: 

gr 


Mh 

mf 


\/a7 


= 2 


9 1 . 


( 21 ) 


For the case of iV = 3 of the practical interest, the corrections turn out to be too large, and the coupling constant A 
is negative, which implies that the Higgs potential is unstable. 

3. Induced Gauge Theory — Abelian — 

We can apply 0 this method to the induced gauge theory , namely, the gauge theory with a composite gauge 
field. It is given by the strong coupling limit / —> oo |I5| of the vector-type four Fermi interaction model for the 
fermion ip with the mass to: 


_ _ 2 

£ 4 F = -pj {i$-m)il}- f > 

where / is the coupling constant. The Lagrangian /I 4 F is equivalent to 

Af = P {i$ - m-4) Ip 


( 22 ) 

(23) 
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written in terms of the vectorial auxiliary field . Then we can see that this is the special case of the renormalized 
gauge theory 


= V'r - ZruTUr - ZicAv) ^’r 


^^3 {Frf , 


(24) 


specified by the compositeness condition 


^3 = 0, (25) 

where the quantities indicated by suffices r are renormalized ones, e is the effective coupling constant, Z's are the 
renormalization constants, and is the field strength of 

The self-energy part of the gauge boson is given by the diagrams 

(26) 



at the leading and the next-to-leading order. The renormalization constant Z^ is chosen so as to cancel out the 
divergences in these diagrams. After a lengthy calculation we obtain the following expression for Z^: 


Z3 = l- 


e^N 

127r^e 


Se^ 




In I 1 — 


Y 

127r2e;J ’ 


(27) 


where e = (4 — d)/2 with the dimension d. Then the compositeness condition ^3 = 0 is solved to give the simple 
solution: 


e 


2 

r 


127r^e 9e 
N ~ m 


(28) 


The correction term 9e/4A^ is naturally suppressed by the small factor e. It justifies the lowest order approximation of 
this model unlike in the case of the aforementioned NJL model of the scalar composite. The origin of the suppression 
factor is traced back to the gauge cancellation of the leading divergence in the next-to-leading (in 1/N) diagrams in 

(§)• 

So far we assumed that all the fermions has the same charges for simplicity. If the charges Qi are different, the 
expression is modified as 


e 


2 

r 


127r^e 


(29) 


If we apply this to the quantum electrodynamics with 3 generations of quarks and leptons, e is estimated to be 
6x10“^, which implies the next-to-leading order correction amounts only to 0.1% of the lowest order term. 

4. Induced Gaiige Theory — Nonabelian — 

Now we apply it p6| to the non-abelian induced gauge theory. This is the new result obtained after my talk at 
SCGT96, International Workshop on Perspectives of Strong Coupling Gauge Theories, held in Nagoya, Japan, in 
November 1996 j^. We start with the four Fermi Lagrangian 

Af ='ijj {i0 - m) tp - f (30) 

for the fermion ip with W gauged color and Nf ungauged flavor, where Xa {a = 1, • • •, — 1) is the W x A"c 

Gell-Mann matrix, m is the mass of the fermion and / is the coupling constant. In the strong coupling limit f oo, 
the Lagrangian £ 4 f is equivalent to the linearized one 

Af = Ip {i$ - m - Xa4°') i’ (31) 

written in terms of the auxiliary field A“. Then is the special case of the renormalized gauge theory 

£g = A {'iZ2$ - Zmin^ - ZiffrA“4r ) A 

-1A ( - d.A'P^ + z\!'^Zgg,r^^A\^A<i,) ' , (32) 
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specified by the compositeness condition 


^3 = 0 , 


(33) 


where the quantities indicated by suffices r are renormalized ones, g is the effective coupling constant, Z’s are the 
renormalization constants, and is the field strength of The self-energy part of the gauge boson, at the 

leading order and the next-to-leading order in l/iV/, is given by the diagrams 





O 

o 

••••o 

o 

o 


OOo 


OqO 


o 

o 

o 

o 



"o 

o 

.O 


o o- 


(34) 


where.is the Fadeev Popov ghost propagator. The renormalization constant is chosen so as to cancel out 

the divergences in the diagrams in (^^. After a lengthy calculation we obtain the expression: 
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Z3 = 1 - -Njg^I + -N,gil - 
3.. . 3 


3 

- g^I) ln(l - 




(35) 


Then the compositeness condition Z 3 = 0 is solved to give the simple solution: 


9 


2 

r 


3 


i-h 


lliV, 

2Nf 




(36) 


This results exhibit several interesting features. 

1) The gauge boson self-energy part is purely transversal (i.e. proportional to {p^gfn, — P^iPv)) at all order in g^ at the 
next-to-leading order. In the practical calculation, this is realized, at the lowest order in gr, by adding the Fadeev 
Popov loop, and in the higher order, by cancellations of the non-transversal parts. 

2) Though the Z 3 itself does depend on gauge parameter a, the solution g^ to the compositeness condition ^3 = 0 
does not. This should be so because the coupling constants and the compositeness scale are observable object. 

3) The condition that the next-to-leading contribution should not exceed the leading contribution implies that 


Nf> 


llA^c 

2 


(37) 


Note that this critical value for Nf and Nc coincides with that for asymptotic freedom. When the gauge theory is 
asymptotically free, the next-to-leading contributions are too large, so that the gauge bosons cannot be a composite 
of the above type. And when it is asymptotically non-free, the next-to-leading order contributions are reasonably 
suppressed, and the gauge boson can be interpreted as a composite. 


5. Summary 

In summary, by solving the compositeness condition, under which the Yukawa-type model coincides the NJL type 
model, we obtained the expressions for the effective coupling constants in terms of the compositeness scale at the 
next-to-leading order in 1/A^. In the NJL model with a scalar composite, the next to leading contribution to g^ is 
— 1/A^, and that to Ar is —10/N, which are too large for Nc = 3 of our practical interest, and imply unstable Higgs 
potential. On the other hand, in the induced gauge theory with abelian gauge symmetry, the correction term to 
is —9e/4N, which is reasonably suppressed by the small factor e, and amounts to only 0.1% when it is applied to the 
QED. In the non-abelian gauge theory, the correction term to g^ is llNc/2N/. This implies that, when the gauge 
theory is asymptotically free, the next to leading contribution is too large, and we can not take the gauge boson as 
a composite of this type. On the other hand, when it is asymptotically non-free, the corrections are suppressed, and 
the gauge boson is safely taken as a composite. We expect that these methods and results will be useful in disclosing 
the nature of composite objects in particle and nuclear physics in the future. 
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